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Abstract
We propose a sure independence screening proce-
dure based on the distance correlation (DC-SIS,
for short) for ultrahigh dimensional data analysis.
The implementation of the DC-SIS does not require
specification of a model, such as linear model or
generalized linear model, for responses and pre-
dictors. Furthermore, the DC-SIS can be used di-
rectly to screen grouped predictor variables and
multivariate response variables. We study the the-
oretic properties of the DC-SIS and establish the
ranking consistency and sure screening proper-
ties for the DC-SIS. Monte Carlo simulation stud-
ies and real data examples analysis indicate that
the DC-SIS performs much better than the SIS (Fan
and Lv, 2008) in various models.

Distance Correlation (DC)
Szekely,Rizzo and Bakirov (2007) defined the dis-
tance correlation for measuring dependence be-
tween two random vectors X ∈ Rp and Y ∈ Rq

dcorr(X,Y)
def
=

dcov(X,Y)√
dcov(X,X)dcov(Y,Y)

,

where dcov is the distance covariance defined by

dcov(X,Y) =

∫
Rp+q

|φX,Y(t, s)− φX(t)φY(s)|2

×w(t, s)dtds,

where φ(·) denotes the characteristic function and
w(t, s) is a positive weight function. Furthermore,
dcov(X,Y) can be estimated by

d̂cov
2
(X,Y) = Ŝ1 + Ŝ2 − 2Ŝ3,

where

Ŝ1 = n−2
n∑
i=1

n∑
j=1

‖Xi −Xj‖p‖Yi −Yj‖q,

Ŝ2 = n−4
n∑
i=1

n∑
j=1

‖Xi −Xj‖p
n∑
i=1

n∑
j=1

‖Yi −Yj‖q,

Ŝ3 = n−3
n∑
i=1

n∑
j=1

n∑
l=1

‖Xi −Xl‖p‖Yj −Yl‖q.

Some properties of Distance Correlation:

• dcorr(X,Y) = 0⇔X and Y are independent.

Distance Correlation (Cont’d)
• dcorr(X,Y) is defined for X and Y in arbi-

trary dimensions;

• When X and Y are univariate standard
normal, dcorr(X,Y) is strictly increasing in
|ρ(X,Y)|, where ρ(X,Y) is Pearson’s corre-
lation.

Independence Screening via DC
Let y = (Y1, · · · , Yq)T be the response with support
Ψy and x = (X1, . . . , Xp)

T be the predictor vector,
where q is fixed and p � n. Denote by F (y | x)
the conditional distribution function of y given x.
Without specifying a regression model, we define
the active subset by

D = {k : F (y | x) functionally depends on Xk

for some y ∈ Ψy},

Then inactive subset I = {1, 2, . . . , p} \ D.

The goal is to identify the active subset D via a
screening method. To this end, we consider sam-
ple distance correlation ω̂k = d̂corr(Xk,y) as a
marginal utility to measure the importance of Xk.
We utilize the DC because it allows for arbitrary
regression relationship of y onto x, regardless of
whether it is linear or nonlinear. The DC allows for
multivariate response and groupwise predictors.
Thus, this DC based screening procedure (DC-SIS)
is completely model-free. For a given d < n, at the
sample level we choose a submodel parallel to Fan
and Lv (2008) that

D̂ = {k : ω̂k is among the top d largest of all}.

This proposed independence screening procedure
allows us to reduce the full model of size p down
to a submodel D̂ of size d.

Theoretic Properties
We study the theoretical properties of the pro-
posed independence screening procedure via the
DC. First, we assume the following conditions to
establish the ranking consistency property, which
ensures that the active predictors will be ranked
above the inactive ones with an overwhelming
probability.

Theoretic Properties (Cont’d)
(A1) both x and y satisfy the sub-exponential

tail probability uniformly in p. That is,
there exists a positive constant s0 such
that max1≤k≤pE

{
exp(s‖Xk‖21)

}
< ∞, and

E{exp(s‖y‖2q)} <∞, for all 0 < s ≤ 2s0

(A2) lim inf
p→∞

{min
k∈D

ωk −max
k∈I

ωk} > 0.

Theorem 1 (Ranking Consistency Property) If
conditions (A1) and (A2) hold true for p =
o {exp(an)} where a > 0 is a fixed constant, then

lim inf
p→∞

{min
k∈D

ω̂k −max
k∈I

ω̂k} > 0, in probability.

Theorem 1 justifies the validity of using the sam-
ple DC to rank the importance of each predictor,
and also guarantees a clear separation between the
active and inactive predictors. This makes it possi-
ble to derive the model selection consistency in the
ultrahigh dimensional setting.

Next we study the sure screening property of DC-
SIS, which ensures that with a proper threshold, all
active predictors can be selected with probability
approaching to one as n→∞. Assume that

(B1) both x and y are uniformly bounded. That
is, there exist positive constants a and b such
that max

1≤k≤p
|Xk| ≤ a and ‖y‖q ≤ b; and

(B2) the minimum distance correlation of active
predictors satisfies mink∈D ωk ≥ 2cn−κ, for
c > 0 and 0 ≤ κ < 1/2.

Then define D̂? = {k : ω̂k ≥ cn−κ, for 1 ≤ k ≤ p}.
The following theorem establishes the sure screen-
ing property for the DC-SIS.

Theorem 2 (Sure Screening Property) Under Con-
dition (B1), it holds that

P

(
max
1≤k≤p

|ω̂k − ωk| > cn−κ
)
≤ O

{
p exp

(
−n1−2κ/ξ

)}
,

where ξ is a positive constant depending on c and the
boundaries a and b. Under Conditions (B1) and (B2), we
have that

P
(
D ⊆ D̂?

)
≥ 1−O

{
sn exp

(
−n1−2κ/ξ

)}
,

where sn is the cardinality of D.

Numerical Study
In this simulation, we compare the performance
of the DC-SIS and the SIS. We generate x =
(X1, X2, · · · , Xp)

T from normal population with
zero mean and covariance matrix Σ = (σij)p×p
with σij = 0.8|i−j|, and the error ε from N (0, 1).
We set n = 200 and p = 1, 000 and repeat each
experiment 1,000 times. We generate the response
from the following four models:

(A) Y = c1β1X1 + c2β2X2 + c3β3X̃12 + c4β4X22 + ε,

(B) Y = c1β1X1X2 + c3β2X̃12 + c4β3X22 + ε,

(C) Y = c1β1X1X2 + c3β2X̃12X22 + ε,

(D) Y = c1β1X1+ c2β2X2+ c3β3X̃12+exp(c4|X22|)ε,
Choose βj = (−1)U (a+ |Z|) for j = 1, 2, 3 and 4, where
a = 4 log n/

√
n, U ∼ Bernoulli(0.4) and Z ∼ N (0, 1).

Set (c1, c2, c3, c4) = (2, 0.5, 3, 2) to challenge the feature
screening procedures under consideration. We evaluate
the performance through the following two criteria.

1. MMS(RSD): The minimum model size(MMS) to
ensure the inclusion of all active predictors with
its associated robust estimate of the standard de-
viation(RSD = IQR/1.34)

2. Pa: the proportion that all active predictors are se-
lected for a given model size d = 3[n/ logn].

SIS DC-SIS
Model MMS(RSD) Pa MMS(RSD) Pa

(A) 9.00(5.97) 0.981 9.00(6.71) 0.958
(B) 378.00(464.92) 0.262 12.00(7.46) 0.992
(C) 666.00(325.75) 0.033 13.00(13.43) 0.914
(D) 546.00(427.24) 0.116 10.00(22.39) 0.861

From the above table, we conclude that the DC-SIS can
capture linear and nonlinear relationship between the re-
sponse and predictors and its performance is much bet-
ter than the SIS.

Conclusion
In this study, we proposed a sure independence
screening procedure using distance correlation,
DC-SIS. The proposed DC-SIS is model-free and
allows for grouped predictors and multivariate re-
sponse. We established both the ranking consis-
tency and sure screening properties for this proce-
dure when the number of predictors diverges with
exponential rate of the sample size. We examined
the finite-sample performance of the proposed pro-
cedure via Monte Carlo simulation, which shows
that the DC-SIS is better than the SIS.
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