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Finite mixture estimation problem

Goal

(K = 2)

Estimate λj and Fj given a random sample from

F (x) =
K∑

j=1

λjFj(x)

However, we don’t want to assume a particular parametric
form for F1 and F2.
Motivating question: How weak can our assumptions about
the Fj be?
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One-component symmetric location “mixture”
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Suppose G(x) is a zero-symmetric
distribution

Let δθ denote a point mass distribution
at θ.
Suppose we have a sample from
F = G ? δθ0 , where θ0 is unknown.
θ0 is the center of symmetry to we’d like
to estimate.
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Re-convolution to achieve zero-symmetry

F = G ? δθ0 (i.e., F is just G shifted by θ0)

Note that θ0 is the unique θ such that F ? δ−θ is
zero-symmetric.

A random variable W is zero-symmetric iff W D
=−W .

These facts lead to. . .

Idea

Choose θ̂ so that F̂n ? δ−θ̂ is nearly zero-symmetric

. . . where F̂n denotes the empirical distribution function.
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Re-convolution to achieve zero-symmetry

Idea

Choose θ̂ so that F̂n ? δ−θ̂ is nearly zero-symmetric.

In other words, letting X ∗ ∼ F̂n, choose θ̂ so that

X ∗ − θ̂
D
≈ −X ∗ + θ̂.
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Basic result involving L2-distance

Notation: For any random variable W ,

HW (t) = P(W ≤ t)

is the cdf of W .

Result∫ ∞

−∞
[HW (t)− H−W (t)]2 = E |W1 + W2| − E |W1 −W2|,

where W1, W2 are independent copies of W .
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Estimating θ0 using the basic result

Recall that X ∗ ∼ F̂n, the empirical distribution.

Let θ̂ = arg min
θ

∫ ∞

−∞
[HX∗−θ(t)− H−X∗+θ(t)]

2

= arg min
θ
{E |X ∗1 − θ + X ∗2 − θ| − E |X ∗1 + X ∗2 |}

= arg min
θ

1
n2

n∑
i=1

n∑
j=1

|xi + xj − 2θ|

= mediani,j
xi + xj

2

It’s (almost) the Hodges-Lehmann estimator!
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K -component location mixture

Suppose that
G(x) is some distribution

θ is a K -vector w θ1 < · · · < θK

λ is a K -vector with λi ≥ 0,
∑

i λi = 1
δθ(λ) is the discrete K -point distribution
supported on θ with weights λ

Then G ? δθ(λ) is a K -component location
mixture whose j th component is G(x − θj) with
weight λj .
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Definition of identifiability

Let F = G ? δθ0(λ0) be a K -component location mixture.
Then F is identifiable (technically, K -identifiable) if

F = G∗ ? δθ∗(λ
∗)

implies that G∗D=G and θ∗ = θ0 and λ∗ = λ0.

Motivating Question (revised)

If we insist that G and G∗ be zero-symmetric, is F always
identifiable?

Answer: NO. Not even if θ1 < · · · < θK and all λj > 0.
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Results on identifiability

Theorem
If G is assumed zero-symmetric and δ−θ0(λ0) is the unique
K -point distribution such that

δθ0(λ0) ? δ−θ0(λ0)

is zero-symmetric, then

F = G ? δθ0(λ0)

is K -identifiable.
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Results on identifiability

Theorem

Suppose K = 2. If λ1 6∈ {0, 1
2 , 1}, then F = G ? δθ0(λ0) is

2-identifiable. The converse is also true.

Theorem
Suppose K = 3. If λ1λ2λ3 6= 0 and

θ2 − θ1

θ3 − θ2
6∈

{
1
3
,
1
2
, 1, 2, 3

}
,

then F = G ? δθ0(λ0) is 3-identifiable. The converse is not true.
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Formulas for λ̂, θ̂, Ĝ
Examples

Estimating λ0 and θ0

Note that

F ? δ−θ0(λ0) = G ? δθ0(λ0) ? δ−θ0(λ0)

is zero-symmetric.

So take W ∼ F̂n ? δ−θ(λ) and minimize∫ ∞

−∞
[HW (t)− H−W (t)]2 = E |W1 + W2| − E |W1 −W2|.
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Examples

Estimating λ0 and θ0

Letting W1 and W2 be independent copies of F̂n ? δ−θ(λ), we
take (λ̂, θ̂) to minimize

E |W1 + W2| − E |W1 −W2|

=
1
n2

K∑
a=1

K∑
b=1

n∑
i=1

n∑
j=1

λaλb
∣∣xi + xj − (θa + θb)

∣∣
− 1

n2

K∑
a=1

K∑
b=1

n∑
i=1

n∑
j=1

λaλb
∣∣xi − xj − (θa − θb)

∣∣ .

ENAR 2006 Location mixtures of a symmetric component



Introduction and Motivation
One-component “mixtures”

Identifiability
Estimation

Formulas for λ̂, θ̂, Ĝ
Examples

Estimating G(x) when K = 2

If X ∼ F , then

HX (t) = λ0G(t − θ01) + (1− λ0)G(t − θ02)

H−X (t − θ01 − θ02) = λ0G(t − θ02) + (1− λ0)G(t − θ01)

Invert (remember, λ0 6= 1
2 ) to give two expressions for G(t).

Average them.

Then replace parameters (including HX ) by estimates.
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One-component “mixtures”

Identifiability
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Formulas for λ̂, θ̂, Ĝ
Examples

Estimating G(x) when K = 2

The resulting Ĝ(t) satisfies:
limt→∞ Ĝ(t) = 1
limt→−∞ Ĝ(t) = 0
Ĝ(t) = 1− Ĝ(−t) at points of continuity (zero-symmetry)
supt |Ĝ(t)−G(t)| → 0 as n →∞

. . . but Ĝ(t) is not monotone.
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Old Faithful data: Two estimates of (λ0, θ0)

NP NML
θ̂1 (SE) 54.0 (.76) 54.6 (.67)
θ̂2 (SE) 80.0 (.50) 80.1 (.45)
λ̂ (SE) .352 (.032) .361 (.032)
σ̂2 (SE) 30.7 (7.9) 34.5 (3.4)

NP: Nonparametric method
NML: Normal mixture assumed
SE: Bootstrapped, based on 200

resamples
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0
10

20
30

40
50
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Old Faithful data: Two estimates of G(t)
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Double exponential data: Two estimates of (λ0, θ0)

Double Exponential mixture

−6 −4 −2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

lambda=.3 NP NML
θ̂1 −1.04 −5.48
θ̂2 0.97 0.33
λ̂ 0.33 0.006

NP: Nonparametric
NML: Normal MLE
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Same problem, different approach

L. Bourdes, S. Mottelet, P. Vandekerkhove (2006)
“Semiparametric estimation of a two-component mixture”,
Annals of Statistics, to appear.

Open problem
How can one improve the numerical optimization routine?

L. Bourdes, D. Chaveau, P. Vandekerkhove (2006) “An EM
algorithm for a semiparametric mixture model”,
unpublished manuscript.
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