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The authors study the rates of convergence for consistent estimators
of the reciprocal of the density at a quantile point. These estimators
were already proposed by Babu [Statist. Probab. Lett. 4 (1986), no.
3, 133–139; MR 87e:62041].

Consider a random variable X with a continuous distribution
function (d.f.) F , density function f and quantile density func-
tion f(F−1(·)) defined on the range (0, 1). Let p be fixed in (0, 1),
f(F−1(p)) positive and assume that f is continuously differentiable in
a neighborhood of F−1(p). The authors estimate θ = (1/f(F−1(p))) =
(F−1)′(p), based on n i.i.d. random variables X1, · · · , Xn, with the
common d.f. F with finite mean.

The estimator D(x, n) is constructed as follows. Let δ be a fixed
number in (0, 1) and x a real number. For 0 < x ≤ (1− p)nδ, let
D(x, n) = nδ

∫ x

0 (F−1
n (p+ vn−δ)− F−1

n (p))h(v) dv and, for x > (1−
p)nδ, let D(x, n) = D((1− p)nδ, n). In these formulas, Fn is the
empirical d.f. of the sample, and h(y)ey is a polynomial such that∫∞

0 yh(y) dy =
∫∞

0 h(y) dy = 1. From a computational point of view,
this estimator is good when F is k times differentiable and δ = 1/(2k−
1).

The main theorem is the following. For x > 0, let

Yn(x) =
∫ g(x)

0
(Vn(p+ vn−δ)−Vn(p)− vn−δ)h(v) dv,

Hn(x) =
∫ g(x)

0
(F−1(p+ vn−δ)−F−1(p))h(v) dv,

where g(x) = min(x, (log n)2). Then, for some ε > 0 and all x > 0, (i)
E(D(x, n)) = nδHn(x) +O(n−ε+(δ−1)/2), where the last term holds
uniformly; (ii) n1−δE(D(x, n))2 = θ2σ2(x) + n1+δH2

n(x) + O(n−ε);
(iii) n(1−δ)/2θ−1(D(x, n) − nδHn(x)) = −n(1+δ)/2Yn(x) + op(1) D→∫ x

0 W (v)h(v) dv, where W is the standard Brownian motion;

(iv) Tn = n(1−δ)/2θ−1(D(log n, n)−nδHn(log n)) D→∫ ∞

0
W (v)h(v) dv,

with the limit distributed according to N(0, σ2); and (v) E(T 2
n ) =
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σ2 + o(1).
Two different estimators based on several samples from a loca-

tion parameter family are proposed. Such estimators are needed in
estimating the asymptotic dispersion matrix of several sample quan-
tiles. M. Bertrand-Retali (Mont-Saint-Aignan)


