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SUMMARY. A robust solution to the non-parametric Behrens-Fisher problem is pro-

posed, without assuming the symmetry of the underlying distributions. The methodology

consists of bootstrapping an appropriately centered version of the Mann-Whitney statistic.

A theoretical justification of the bootstrap is also presented.

1. Introduction

The two-sample location problem assumes normality and homogeneity
of error variances. However, violations of these assumptions are common
(cf. Chow and Liu 1992, Micceri 1989, Wilcox 1987 and 1995). In this
paper, we consider the more realistic non-parametric Behrens-Fisher problem
of testing for the equality of the medians of two continuous distributions
having the same shape, but possibly unequal variances. More precisely, let
X = (X1, . . . , Xm) and Y = (Y1, . . . , Yn) be independent samples from
respective continuous distributions F1 and F2, where

(i) F1(x) = F ((x − MX)/σX) and F2(y) = F ((y − MY )/σY )

(ii) F is an arbitrary continuous distribution with median zero and

(iii) σX and σY are possibly unequal.

For the standard non-parametric two-sample location problem, when
σX = σY , the Mann-Whitney test has efficiency of power as well as robust-
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ness of level (Lehmann, 1975, pp. 76-81). In this case it is also distribution-
free and its critical values have been tabulated extensively. However, if the
scales are unequal, then this statistic is not even asymptotically distribution-
free, since its asymptotic variance would depend on the unknown F. Conse-
quently, using the critical values for equal scales in this case, leads to grossly
inflated levels as noted by Fligner and Policello (1981,Table 2, p. 166). Hence
they proposed a methodology based on a modification of the Mann-Whitney
statistic

W =
m∑

i=1

n∑
j=1

I{Xi ≤ Yj}

when F is symmetric and σX and σY are possibly unequal. Under the null
hypothesis of equal medians, the symmetry assumption on F implies that
p = P (X1 ≤ Y1) = 0.5 and hence E(W ) = 0.5 mn even when the scales σX

and σY are unequal. This is the case even when the shapes of F1 and F2

are different (the generalized Behrens-Fisher problem), as long as they are
symmetric. The property that E(W ) = 0.5 mn under symmetry assumption
was crucially utilized by Fligner and Policello (1981). They established the
asymptotic normality of the studentized version obtained by centering W at
0.5 mn and using an estimate of the asymptotic variance of W .

Nevertheless, most of the distributions arising in Bioavailability studies
and Psychology are skewed. See Chow and Liu (1992), Micceri (1989) and
Wilcox (1995). Without the symmetry assumption, in general, p differs from
0.5 and depends on the unknown distribution function F . Consequently,
in such a case, if W is centered incorrectly at 0.5 mn, then the resulting
test would be extremely liberal for one tail and conservative for the other
(see Remarks 2.1 and 2.2). To overcome this, a methodology without the
symmetry assumption is developed in this paper by centering (W/mn) at an
estimator p̃ of p = P (X1 ≤ Y1) and by employing the bootstrap percentile
method to obtain critical values. Technical details are given in Section 2.
Section 3 provides the simulation studies and a discussion of the results.
Section 4 presents an asymptotic theory to justify the use of the bootstrap
method. The generalized Behrens-Fisher problem, where F1 and F2 could
possibly have different shapes, will be considered in a future communication.

2. The Bootstrap Procedures

Let

U =
1

mn

m∑
i=1

n∑
j=1

I{Xi ≤ Yj} =
W

mn
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denote the normalized version of the Mann-Whitney statistic, p = P (Xi ≤
Yj), and X̃ and Ỹ denote the sample medians of (X1, . . . , Xm) and (Y1, . . . , Yn)
respectively. For the X-sample, let sX , s.10, X and MADX denote respec-
tively the sample standard deviation, the 10% trimmed sample standard
deviation, and median of the absolute deviations from the sample median.
Let sY , s.10, Y and MADY have similar meanings in relation to the Y -sample.
Let Hodges-Lehmann (Scale) denote the Hodges-Lehmann type scale esti-
mator given by:

med{(|Yj − Ỹ |/|Xi − X̃|) : 1 ≤ i ≤ m, 1 ≤ j ≤ n} .

Bootstrapping U separately from each sample, led to very liberal levels, even
when F was normal and m = n = 20. So joint bootstrapping was tried after
aligning the samples for location and scale. For location – alignment, the
obvious choices were the sample medians X̃ and Ỹ .

Let Scale (X) and Scale (Y ) be the statistics for scale-alignment of the
X- and Y - samples respectively. The following choices were studied.

1. Scale (X) = sX , Scale (Y ) = sY

2. Scale (X) = s.10, X , Scale (Y ) = s.10, Y

3. Scale (X) = MADX, Scale (Y ) = MADY

4. Scale (X) = 1, Scale (Y ) = Hodges-Lehmann (Scale)

We shall present the theory for Case 1 only, as the theory for the other
cases is similar. Contrary to conventional wisdom, the best results for U were
obtained, when Scale (X) = sX and Scale (Y ) = sY . Let (z1, . . . , zm+n) be
defined by

zi = (Xi − X̃)/sX , if 1 ≤ i ≤ m

= (Yi−m − Ỹ )/sY , if m < i ≤ m + n .

Write

Q = m + n, p̃ =
1

Q2

Q∑
i=1

Q∑
j=1

I{zi sX≤zj sY } and T =
√

n(U − p̃).

Remark 2.1 If the medians are equal, then under the additional as-
sumption that F1 and F2 are symmetric, p = P (X1 < Y1) = 0.5, even if
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F1 and F2 have unequal scales or even if F1 and F2 have different shapes.
However, without symmetry, this is no longer true. If F1 and F2 have the
same shape, but have unequal scales and are skewed, then p is not known.
All that can be said is p < 0.5 or > 0.5 depending on (a) the direction of
skewness and (b) whether the ratio ρ = σY /σX is > 1 or < 1. For example, if
F1 and F2 are right-skewed with medians zero and have respective standard
deviations 1 and 2, then p < 0.5. The inequality would be reversed if either
the distributions are left-skewed or the ratio of the scale parameters is < 1.
Since we do not assume symmetry, we can work only with p̃, which is an
estimate of p.

Let z∗1 , . . . , z∗Q be a bootstrap sample from z1, . . . , zQ. Two bootstrap
procedures are studied.

Procedure I

Let X∗
i = z∗i sX , i = 1, . . . , m, Y ∗

j = z∗j+m sY , j = 1, . . . , n,

U∗ =
1

mn

m∑
i=1

n∑
j=1

I{X∗
i ≤Y ∗

j } ,

s∗X and s∗Y denote the sample standard deviations of X∗ and Y ∗,

p∗ =
1

Q2

Q∑
i=1

Q∑
j=1

I{z∗i s∗X ≤ z∗j s∗Y } and T ∗ =
√

n (U∗ − p∗) .

Procedure II

Let X∗
i2 = z∗i sX + X̃, i = 1, . . . , m, Y ∗

j2 = z∗j+m sY , +Ỹ , j = 1, . . . , n,

U∗
2 =

1
mn

m∑
i=1

n∑
j=1

I{X∗
i2≤Y ∗

j2} ,

X̃∗ and Ỹ ∗ denote the sample medians of X∗
i2’s and Y ∗

j2’s,

vi = (X∗
i2 − X̃∗)/sX∗ , if i = 1, . . . , m

vm+j = (Y ∗
j2 − Ỹ ∗)/sY ∗ , if j = 1, . . . , n,

p∗ =
1

Q2

Q∑
i=1

Q∑
j=1

I{v∗
i s∗X ≤ v∗

j s∗Y } and T ∗
2 =

√
n (U∗

2 − p∗) .

For Procedure I, T and T ∗ have the same asymptotic null distribution
and this worked well even for small samples (cf. Tables 1-6, Sections 3). For
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Procedure II, T and T ∗
2 have the same asymptotic distribution both under

the null hypothesis and under contiguous alternatives. Simulations show
that this works reasonably well for fairly large samples (cf. Tables 7 and 8,
Section 3). Procedure II is especially useful in the analysis of the limiting
distribution under contiguous alternatives. A theory for this is sketched in
the section on Asymptotics.

Remark 2.2 For symmetric F , bootstrapping U itself gives good results.
There is no need for centering U . However, for skewed F and unequal scales,
this results in tests for one tail being very liberal and the other being very
conservative, depending on the direction of skewness and the ratio of scale
parameters. Since the symmetry of F cannot be taken for granted, from
now on, we shall work only with the centered version T =

√
n (U − p̃).

3. Monte Carlo Simulations

All the results are based on 2000 simulations, involving pseudo-random
samples generated by IMSL subroutines, performed on an Alpha 1 com-
puter at Monash University. Let N(µ, σ) denote the normal distribution
with mean µ and standard deviation σ. The distributions studied were stan-
dard normal= N(0, 1), 50% 4N = 0.5N(0, 1) + 0.5N(0, 4) and the standard
versions of the exponential and the log-normal (centered at their medians).

Two-sided tests at levels α = 0.025 and 0.05 were performed. The
critical values of T were estimated by the following bootstrap percentile
method: From any given sample, 500 bootstrap samples were drawn. Let
t∗1, t∗2, . . . , t∗500 be the corresponding values of T and t∗(1), t

∗
(2), . . . , t

∗
(500) be

the corresponding ordered values. Then t∗(12), t
∗
(25), t

∗
(475) and t∗(488) are re-

spectively the bootstrap estimates of the null 2.5%, 5%, 95% and 97.5%
quantiles of T .

Let C1 = (−∞, t∗(12)), C2 = (−∞, t∗(25)), C3 = (t∗(488),∞) and C4 =
(t∗(475),∞). To find the empirical level, the procedure is repeated 2000
times. Let LEFT 2.5%, LEFT 5%, RIGHT 2.5%, and RIGHT 5% denote
the percentage of times T falls in C1, C2, C3 and C4 respectively. Further,
let LEVEL 0.025 and LEVEL 0.05 denote the proportions of time T falls
in C3 and C4 respectively. These values are given in Tables 1-8. Tables 1-6
pertain to Procedure I and 7 and 8 to Procedure II.
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Table 1. Empirical levels, m = n = 20

Standard Normal 50% 4N

σY /σX 1.0 1.414 2.0 1.0 1.414 2.0

LEFT 2.5% 2.20 2.75 3.15 2.15 2.25 3.50
LEFT 5% 4.30 5.50 5.35 4.70 4.80 6.40
RIGHT 2.5% 2.55 2.55 3.20 2.60 2.89 2.80
RIGHT 5% 4.55 5.70 6.80 5.00 5.60 5.30

Exponential Log-normal

LEFT 2.5% 2.10 3.09 3.35 2.35 3.55 4.00
LEFT 5% 4.85 6.30 6.40 5.99 7.50 7.10
RIGHT 2.5% 3.50 2.55 2.95 3.55 2.95 3.00
RIGHT 5% 6.00 5.09 5.70 6.25 5.15 5.00

Table 2. Empirical levels, m = n = 20 (Studentized version)

Standard Normal 50% 4N

σY /σX 1.0 1.414 2.0 1.0 1.414 2.0

LEFT 2.5% 2.50 2.70 2.00 2.00 2.30 2.60
LEFT 5% 5.20 5.60 4.20 4.75 4.89 5.20
RIGHT 2.5% 2.89 2.40 2.40 2.50 2.30 2.10
RIGHT 5% 5.00 5.70 5.00 4.95 4.50 4.20

Exponential Log-normal

LEFT 2.5% 2.70 3.09 3.20 3.10 4.55 3.60
LEFT 5% 6.30 6.70 6.65 5.35 8.75 7.35
RIGHT 2.5% 2.85 2.50 2.30 3.50 2.45 2.30
RIGHT 5% 6.20 5.05 4.25 6.50 4.59 3.95

Remark 3.1 The estimator se(U) of the standard error of U given in
Fligner and Policello(1981, page 164) is consistent even for skewed F . As
S =

√
n(U − p̃)/ se(U) = T/se(U) is asymptotically normal, its quantiles

can also be obtained from N(0, 1). However, the results are not satisfactory.
The bootstrapped studentized version did not show any significant im-

provement over the corresponding non-studentized version. For skewed F ,
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especially the log-normal, the results were slightly worse (c.f. Table 2). As
a result, we shall not pursue the bootstrap theory for studentized versions.
The rest of the results (Tables 3-8) concentrate only on the non-studentized
version T .

The empirical levels of the test based on T for sample sizes m = 20, n =
30 and m = n = 30 are given in Tables 3 and 4 respectively.

Table 3. Empirical levels, m = 20, n = 30

Standard Normal 50% 4N

σY /σX 1.0 1.414 2.0 1.0 1.414 2.0

LEFT 2.5% 2.30 2.90 2.90 2.00 2.50 2.35
LEFT 5% 4.60 5.70 6.50 4.50 5.10 5.24
RIGHT 2.5% 2.60 2.50 2.90 2.00 2.90 3.30
RIGHT 5% 5.80 5.00 6.50 4.10 5.20 5.60

Exponential Log-normal

LEFT 2.5% 2.05 2.85 2.75 2.80 2.30 2.90
LEFT 5% 4.19 5.45 6.75 5.10 5.42 5.70
RIGHT 2.5% 3.90 2.60 4.14 4.60 3.60 3.80
RIGHT 5% 6.80 5.50 6.35 7.30 6.40 6.40

Table 4. Empirical levels, m = n = 30

Standard Normal 50% 4N

σY /σX 1.0 1.414 2.0 1.0 1.414 2.0

LEFT 2.5% 2.10 2.30 2.30 2.60 2.00 2.30
LEFT 5% 4.00 5.40 4.40 5.30 4.90 5.40
RIGHT 2.5% 2.20 2.40 2.60 2.89 2.00 2.40
RIGHT 5% 5.40 4.10 5.00 5.70 4.20 4.10

Exponential Log-normal

LEFT 2.5% 3.20 2.30 2.60 3.50 2.80 2.80
LEFT 5% 5.20 5.80 5.50 5.90 5.90 5.50
RIGHT 2.5% 3.30 2.20 2.00 3.60 2.20 2.30
RIGHT 5% 5.80 4.50 4.48 5.90 4.30 4.50
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Table 5. Empirical Powers when shift = 0.5, m = n = 20

Standard Normal 50% 4N

σY /σX 1.0 1.414 2.0 1.0 1.414 2.0

LEVEL 0.025 0.32 0.23 0.156 0.0950 0.092 0.079
LEVEL 0.05 0.43 0.35 0.234 0.1525 0.151 0.138

Exponential Log-normal

LEVEL 0.025 0.55 0.49 0.313 0.38 0.32 0.199
LEVEL 0.05 0.66 0.61 0.416 0.48 0.41 0.284

Table 6. Empirical Powers when shift = 1.0, m = n = 20

Standard Normal 50% 4N

σY /σX 1.0 1.414 2.0 1.0 1.414 2.0

LEVEL 0.025 0.85 0.68 0.58 0.306 0.222 0.164
LEVEL 0.05 0.92 0.78 0.66 0.408 0.324 0.252

Exponential Log-normal

LEVEL 0.025 0.92 0.91 0.85 0.77 0.73 0.68
LEVEL 0.05 0.96 0.94 0.92 0.85 0.82 0.77

The slight worsening of the empirical levels for skewed distributions, in
the case of equal scales (as we go from m = n = 20 to m = 20, n = 30)
seems to be purely an aberration. Asymptotics stabilize at m = n = 30 (c.f.
Table 4).

Tables 5 and 6 give the powers of the test based on T , when the second
sample values are shifted to the right by 0.5 and 1.0 respectively. Because
of the shift to the right, the powers are determined essentially by the pro-
portions of rejections corresponding to the right tails.

Procedure II is conservative for small samples but works reasonably well
for sample sizes ≥ 50. Table 7 gives the empirical levels, in percentages, for
m = n = 50. Table 8 gives the empirical powers corresponding to the shift,
defined by the ‘local’ (or ‘near’) alternative (50 + 50)−1/2 = 0.1.
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Table 7. Empirical Levels, m = n = 50

Standard Normal 50% 4N

σY /σX 1.0 1.414 2.0 1.0 1.414 2.0

LEFT 2.5% 2.30 2.10 1.95 2.35 2.30 1.90
LEFT 5% 4.10 4.20 4.10 4.00 3.90 3.85
RIGHT 2.5% 2.10 2.00 1.80 2.20 2.10 2.00
RIGHT 5% 4.00 3.90 4.00 3.90 3.85 3.80

Exponential Log-normal

LEFT 2.5% 2.30 2.15 1.90 2.30 2.20 1.85
LEFT 5% 4.10 3.95 4.00 3.95 3.50 3.80
RIGHT 2.5% 2.15 2.20 2.10 2.10 2.10 2.00
RIGHT 5% 4.00 3.80 4.15 3.72 3.30 3.70

Table 8. Empirical Powers, m = n = 50

Standard Normal 50% 4N

σY /σX 1.0 1.414 2.0 1.0 1.414 2.0

LEVEL 0.025 0.0380 0.036 0.034 0.0265 0.028 0.0270
LEVEL 0.05 0.0715 0.068 0.063 0.0520 0.050 0.0485

Exponential Log-normal

LEVEL 0.025 0.035 0.038 0.036 0.031 0.029 0.028
LEVEL 0.05 0.076 0.071 0.068 0.054 0.053 0.051

In summary, Tables 1, 3 and 4 show that the Mann-Whitney procedure
maintains robustness of level, even for skewed distributions. Table 4 demon-
strates that the test performs very well even when m = n = 30. Tables 5
and 6 demonstrate the high powers of this procedure when the shifts are 0.5
and 1.0 respectively.

Although, in the case of normal F , the t-test has better asymptotic
relative efficiency than the Mann-Whitney test, such an all-round efficiency
cannot be achieved, in general, by using the t-test, tests based on sample
median, trimmed means or M-estimators. The Mann-Whitney test is more
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efficient than t-test not only for heavy-tailed F but also for skewed F (cf.
Lehmann, 1975, pp. 80-81). The tests based on the sample medians discard
all but the middle observations and thus do not perform as well as the Mann-
Whitney test when F is normal or skewed (cf. Hajek and Sidak, 1976, p.
278). Tests based on trimmed means or M-estimators respectively discard
or downweight the extreme observations. As a consequence, while they are
almost on a par with the Mann-Whitney test for symmetric F , they are not
as efficient for skewed F .

4. Asymptotics

In this section we shall establish the validity of bootstrap Procedure I
for the scales sX and sY under the null hypothesis that the two medians
are equal. Similar arguments lead to the validity of the procedure for other
scales mentioned in the introduction. Similarly the validity of Procedure
II can be established under null hypothesis that the two medians are the
same. We shall also sketch the validity arguments for Procedure II under
contiguous alternatives.

Recall that MX and MY denote the medians of F1 and F2. We assume
that m/n → λ, where λ is a finite positive number. We start with some
notation by defining

Zi = (Xi − MX)/σX for i = 1, . . . , m,

Zj = (Yj−m − MY )/σY for j = m + 1, . . . , Q,

and ρ = σY /σX . Note that Z1, . . . , ZQ are i.i.d. with common distribution F .
Let Z be independent of Z1, . . . , ZQ with distribution F . The next theorem
pertains to Procedure I.

Theorem 4.1 Suppose the density f of F satisfies Lipschitz condition of
order δ, for some δ > 0 and f has bounded derivative in a neighbourhood of
zero. Let E(Z4) < ∞ and MX = MY . For any 0 < α < 1, if Cα denotes the
α-th quantile of T ∗, then P (T ≤ Cα) − α → 0, as Q → ∞.

The validity of bootstrap Procedure II for contiguous alternatives, when
σ−1

X (MY − MX)
√

n → θ, is established in the next theorem.

Theorem 4.2 Suppose the density f of F satisfies Lipschitz condition of
order δ, for some δ > 0 and f has bounded derivative in a neighbourhood of
zero. Let E(Z4) < ∞ and σ−1

X (MY − MX)
√

n → θ. For any 0 < α < 1, if
Cα denotes the α-th quantile of T ∗

2 , then P (T ≤ Cα) − α → 0, as Q → ∞.
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We require the following lemmas in proving the theorems.

Lemma 4.1 Let J1, . . . , Jm, and K1, . . . , Kn be independent random vari-
ables, Ji’s identically distributed with distribution FJ and Kj’s identically
distributed with distribution FK . Let q = P (J1 ≤ K1), F̄K(x) = P (K1 ≥ x),

R =
1

mn

m∑
i=1

n∑
j=1

(I{Ji≤Kj} − q),

S =
1
m

m∑
i=1

(F̄K(Ji) − q) +
1
n

n∑
j=1

(FJ(Kj) − q).

Then mn Var(R − S) ≤ 1.

Proof. Lehmann (1975, p. 363) shows that Var(R − S) = Var(R) −
Var(S). Following the arguments in Lehmann (1975, pp. 363-365), we have,

mn Var(S) = n Var(F̄K(J1)) + m Var(FJ(K1))
mn Var(R) = (n − 1) Var(F̄K(J1)) + (m − 1) Var(FJ(K1)) + Var(I{J1≤K1}).

Hence mn Var(R − S) ≤ Var(I{J1≤K1}) ≤ 1. This completes the proof.

Lemma 4.2 Let J0, J1, . . . , JN be i.i.d. and let ϕ be a measurable function
satisfying ϕ(x, y) = ϕ(y, x), |ϕ(x, y)| ≤ 1, and E(ϕ(J1, J2)) = 0. If

VN =
2

N(N − 1)

∑
1≤i<j≤N

Vij ,

and SN =
∑N

i=1 E(VN |Ji), where Vij = ϕ(Ji, Jj). Then N(N − 1) Var(VN −
SN ) ≤ 2.

Proof. Since SN = 2N−1 ∑N
i=1 E(V0i|Ji), a simple algebra leads to

(N(N − 1)/2) Var(VN ) = Var(V12) + 2(N − 2) σ2,

Var(VN − SN ) = Var(VN ) − Var(SN ) and N Var(SN ) = 4σ2,

where σ2 = Cov(V12, V23) = Var(E(V12|J1)). Hence

N(N − 1) Var(VN − SN ) = 2 Var(V12) − 4 σ2 ≤ 2,

which completes the proof.
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Proof of Theorem 4.1. Define ρ̃ = sX/sY . Let Z̃1, Z̃2 denote the
sample medians of Z1, . . . , Zm and Zm+1, . . . , ZQ respectively. Observe that

zi = σX(Zi − Z̃1)/sX , if 1 ≤ i ≤ m

= σY (Zi−m − Z̃2)/sY , if m < i ≤ Q,

and zisX ≤ zisY if and only if

Zi ≤




ρ(Zj − Z̃2) + Z̃1, if i ≤ m < j

ρ̃(Zj − Z̃1) + Z̃1, if i, j ≤ m

ρ̃(Zj − Z̃2) + Z̃2, if i, j > m

ρ−1ρ̃2(Zj − Z̃1) + Z̃2, if j ≤ m < i .

If F̂ and Ĝ denote the empirical distributions of Z1, . . . , Zm and Zm+1, . . . , ZQ

respectively, then

Q2p̃ = m
m∑

j=1

F̂ (ρ̃(Zj − Z̃1) + Z̃1) + m
Q∑

j=m+1

F̂ (ρ(Zj − Z̃2) + Z̃1)

+n
m∑

j=1

Ĝ(ρ−1ρ̃2(Zj−Z̃1)+Z̃2)+n
Q∑

j=m+1

Ĝ(ρ̃(Zj−Z̃2)+Z̃2). (1)

Since the median of F is zero and E(Z4) < ∞, it is well known that,

Z̃k = Op(Q−1/2 log log Q) for k = 1, 2, and ρ̃ − ρ = Op(Q−1/2 log log Q).

As MX = MY , clearly p = p(Z1 ≤ ρZ). If

ϕ(x, y) =
1
2
(I{x≤ρy} + I{y≤ρx} − 2p), and U0 = Q−2

∑
1≤i,j≤Q

I{Zi≤ρZj}

then |ϕ(x, y)| ≤ 1 and

|U0 − p − 2
Q(Q − 1)

∑
1≤i<j≤Q

ϕ(Zi, Zj)|

≤ |U0 − p − 2
Q2

∑
1≤i<j≤Q

ϕ(Zi, Zj)| + 1
Q

≤ 1
Q2

Q∑
i=1

|I{Zi≤ρZi} − p| + 1
Q

≤ 2
Q

.
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Now by Lemma 4.2, it follows that

Q(Q − 1)Var


 2

Q(Q − 1)

∑
1≤i<j≤Q

ϕ(Zi, Zj)

− 1
Q

Q∑
i=1

(F (ρZi) + 1 − F (ρ−1Zi) − 2p)


 ≤ 2.

So

U0 − p − 1
Q

Q∑
i=1

(F (ρZi) + 1 − F (ρ−1Zi) − 2p) = op(Q−1/2) (2)

uniformly in F .
Now note that as the density of F satisfies Lipschitz condition of order

δ > 0, by (1) and the arguments following (2.14) of Babu and Singh (1978),
and by the laws of large numbers we obtain

Q2(p̃ − U0) = m
m∑

j=1

(F (ρ̃(Zj − Z̃1) + Z̃1) − F (ρZj))

+m
Q∑

j=m+1

(F (ρ(Zj − Z̃2) + Z̃1) − F (ρZj))

+n
m∑

j=1

(F (ρ−1ρ̃2(Zj − Z̃1) + Z̃2) − F (ρZj))

+n
Q∑

j=m+1

(F (ρ̃(Zj − Z̃2) + Z̃2) − F (ρZj)) + op(Q3/2)

= m2(ρ̃ − ρ)E(Zf(ρZ)) + m2(1 − ρ)Z̃1E(f(ρZ))
+n2(ρ̃2 − ρ2)ρ−1E(Zf(ρZ)) + n2(Z̃2 − ρZ̃1)E(f(ρZ))
+mn(Z̃1 − ρZ̃2)E(f(ρZ)) + mn(ρ̃ − ρ)E(Zf(ρZ))
+mn(1 − ρ)Z̃2E(f(ρZ)) + op(Q3/2)

= (ρ̃ − ρ)E(Zf(ρZ))(m2 + mn + 2n2)
+E(f(ρZ))Z̃1(m2(1 − ρ) + mn − ρn2)
+E(f(ρZ))Z̃2(mn(1 − 2ρ) + n2) + op(Q3/2). (3)

Clearly, E(f(ρZ)) = g(0), where g is the density of Z1 − Zρ. Also, observe
that f(ρZ) ≤ a|Z|δ for some a > 0. As m

n → λ, we have by Bahadur’s
representation of quantiles (Babu and Singh, 1978), Lemma 4.1 and (2)–(3),

U − p̃ = (U − p) − (U0 − p) − (p̃ − U0)
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=
1
m

m∑
i=1

�1(Zi) +
1
n

Q∑
i=m+1

�2(Zi) + op(Q−1/2),

where E(�j(Z))2 < ∞ for j = 1, 2. Thus T is asymptotically distributed
as normal with mean zero and variance τ2, for some τ > 0. Essentially
the same steps as above and the proof of Theorem 5 of Babu and Singh
(1984) lead to the conclusion that for almost all sample sequences, T ∗ is
asymptotically distributed as normal with mean zero and variance τ2. The
details are omitted. The theorem now follows from Lemma 2.1 of Babu and
Bose (1988).

Proof of Theorem 4.2. Note that

F1(Yj) − p = F (ρZj + θn) − P (Z1 − ρZ ≤ θn)
= F (ρZj + θn) − F (ρZj) + F (ρZj) − P (Z1 ≤ ρZ)

−(P (Z1 − ρZ ≤ θn) − P (Z1 − ρZ ≤ 0)),

where θn = σ−1
X (MY − MX). Clearly,

Var(F (ρZj + θn) − F (ρZj)) ≤ Var(I{Z−ρZj≤θn} − I{Z−ρZj≤0})
≤ |P (Z1 − ρZ ≤ θn) − P (Z1 − ρZ ≤ 0)|.

Since by assumption θn
√

n → θ, we have
√

n(P (Z1 − ρZ ≤ θn) − P (Z1 − ρZ ≤ 0)) =
√

nE(F (ρZ + θn) − F (ρZ))
→ θE(f(ρZ)).

Thus as in Theorem 4.1,

U − p̃ = (U − p) − (U0 − P (Z1 ≤ ρZ)) − (p̃ − U0) + (p − P (Z1 ≤ ρZ)),

leads to the asymptotic normality of T with mean θE(f(ρZ)) and variance
τ2. Similarly, the bootstrapped version T ∗

2 has also the same asymptotic
distribution. The rest of the proof is similar to that of Theorem 4.1.
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